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Sudden Acceleration of a Laminar Boundary
Layer by a Moving Belt

A. MAGER*
Aerospace Corporation, El Segundo, Calif.

An incompressible, laminar boundary layer of the Falkner- Skan type encountering a sudden
change in boundary conditions is analyzed by using a transformation into a new coordinate
system originating at the encounter location. The equations so obtained are solved far away
from, as well as close to, the encounter plane. Results show that at the same downstream
position the effect of a slowly moving belt tends to penetrate deeper into the boundary layer
than the effect of a very rapidly moving belt. They also show that separation of the boundary
layer can be shifted infinitely far downstream, and that sufficiently rapid movement of the
belt can produce in a short distance a substantial acceleration of the flow leading to over-all
frictional thrust instead of drag.
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Nomenclature

scaling constant for freestream velocity
translational constant in transformation of 77
constant coefficients in expansion of (1 — f )1/2

belt speed parameter [= W(l -f m)/2w]
stretching constant in transformation of rj
constant coefficients in expansion of (1 — 62)m

friction coefficient [= (2v/U2)(dn/dy)y = o]
constants determining Tn(t) (n = 0, 1, 2 . . .)
Falkner-Skan stream function
normalized stream function of the perturbation

layer
functional coefficients in the expansion of / (n =

0,1,2. . .)
normalized stream function for flow over con-

tinuously moving surface
integrals required in computation of 52
permutation index
distance from leading edge to the moving belt

(also location of the encounter plane)
exponent of x in the Falkner-Skan solutions
exponent of 0, f, or z in the expansions of /, <£, S,

mT(n = 0, 1 ,2. . . )
static pressure
local Reynolds number (= Ux/v)
transformed Falkner-Skan function
functional coefficients in the expansion of S (n =

0,1,2. . . )
transformed Falkner-Skan function
functional coefficients in the expansion of T (n =

0,1,2...)
transformed normal coordinate (= rj/Bz)
streamwise velocity outside the boundary layer
stream wise velocity in the boundary layer
velocity in the direction normal to the belt
value of U at x = L
belt speed
streamwise coordinate measured from leading

= coordinate normal to the belt
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z = transformed normalized streamwise coordinate (==
f-m/2)

di = displacement thickness
52 = momentum thickness
f = modified normalized streamwise coordinate
7} = normalized coordinate perpendicular to the belt
77° = Falkner-Skan similarity variable
6 = normalized streamwise coordinate [= (£/#)1/2j
ju = viscosity
v = kinematic viscosity
£ = streamwise coordinate measured from the en-

counter plane
P = density
<f>(t,z) = transformed, normalized perturbation stream func-

tion
<t>n(t} = functional coefficients in the expansion of <j> (n =

0,1,2...)
$ = perturbation stream function

Subscripts f
oo = limiting value at infinity
* = transformed value

Superscripts
0 = undisturbed flow

= bar over value denotes sum of [undisturbed and per-
turbing flows

' — denotes total differentiation

I. Introduction

IN 1904 Prandtl demonstrated1 that a rotating cylinder
could prevent the separation of the boundary layer. He

correctly explained2 that this prevention of separation oc-
curred because the cylinder, by dragging the flow adjacent to
its surface with a velocity greater than that of the freestream,
was able to overcome the effect of the rising pressure which
caused the separation-producing retardation. As a result of
PrandtPs explanation, other devices for acceleration of the
boundary layer were devised. One of these was a so-called
Handley-Page (also known as Lachman) flap,2 which created
a streamwise-directed accelerating jet to serve the same pur-
pose as a moving surface. Another proposed device3 in-
volved the replacement of the top surface of the airfoil by a
moving band. Although the Handley-Page and Lachman
flaps had many practical applications, the use of moving belts
or rotating cylinders for boundary layer acceleration has not

' Coordinate subscripts indicate partial differentiation.
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Fig. 1 Schematic representation of velocities and co-
ordinates.

been practiced. Recently, however, a moving belt was suc-
cessfully used to eliminate a thick boundary layer in a wind
tunnel4 and a rotating cylinder was proposed by V/STOL
aircraft to achieve unseparated flow over a highly cambered
airfoil.5

The idea of the sudden acceleration of the boundary layer
by a moving boundary is thus not only practical but also
quite well known. It is surprising, therefore, that this
problem has received so little attention from the analytical
standpoint. To the author's knowledge only two papers exist
that deal with this type of boundary-layer acceleration.
The first of these6 proposes a semiempirical method, based on
experimental data, which permits the calculation of the effect
of a tangential jet on a turbulent boundary layer subjected to
an intense adverse pressure gradient. Since the singly in-
jected jet is continuously attenuated by the wall friction and
thus exhibits a definite maximum velocity (e.g., vanishing
normal derivative) in the vicinity of the wall, this problem is
somewhat different from that of the boundary-layer accelera-
tion by a steadily moving wall.

The second paper7 utilizes series expansions to obtain inner
and outer solutions of nonsimilar, laminar, boundary layers
with very general boundary conditions. Because of this
generality, the authors were able to study the special case
of a circular cylinder which, in the vicinity of the separation
region, had a varying wall velocity in the stream wise direc-
tion. This wall velocity, at first increasing linearly and then
remaining constant, was supposed to simulate a continuously
distributed and suitably dense mass injection through the
wall. This problem, then, though slightly different, is
closely related to the case in which the wall itself is moving in
the streamwise direction.

It is regrettable, therefore, that the authors of Ref. 7 did
not see fit to enclose a detailed description of the changes that
occurred as a result of the streamwise wall velocity, though
they did indicate a reduction of friction and a slight down-
stream shift of the separation point. Unfortunately, there
is serious doubt that the authors applied a valid criterion for
separation since the vanishing of the friction coefficient seems
to have been taken as an indicator of the onset of separation
and no computations were carried beyond this point. It is
easy to see that the vanishing of the friction coefficient cannot
be used to indicate flow separation over a moving wall. For
example, when the wall is moving at the same speed as the
external, potential flow, and since there is no relative motion
between the wall and the fluid, the wall friction may be ex-
pected to vanish, and yet the flow will remain attached.
What is then the proper indication of separation over a
moving surface? Moore, % who studied this problem, came to
the conclusion that the simultaneous vanishing of the stream-
wise velocity and its derivative with respect to the direction
normal to the wall, collocated somewhere in the boundary
layer, is the proper criterion for the formation of a separation
bubble. Clearly then, to determine the separation one needs
to know the entire streamwise velocity profile. Such in-
formation is not available in Ref. 7. For these reasons the
general results of that reference are questionable and do not

contribute to the detailed understanding of the changes
arising from the acceleration of the boundary layer by the
moving belt.

The purpose of the present paper is to fill this void and
analytically study the process of sudden acceleration of a
laminar boundary layer by a moving belt. Notice that this is
fundamentally different from those problems in which the
boundary layer is formed over a continuously moving surface
as studied in Refs. 8-1 3. § This is so because, starting at the
plane where the moving boundary is first encountered, the
sudden acceleration produces modifications to an already
existing and well-developed boundary layer which originated
upstream at some leading edge; whereas the boundary layer
over a continuously moving surface develops without any
sudden changes, all of it starting at one common origin.
Thus the sudden acceleration, if sufficiently strong, must pro-
duce dissimilar velocity profiles whereas the boundary layer
over a continuously moving surface can have the same nor-
malized velocity profile everywhere. This difference is com-
mon to a class of boundary-layer problems involving a sudden
change in boundary conditions. In the past, these problems,
though important, were mainly neglected (except for discon-
tinuous temperature distribution which received a fair degree
of attention), and it is hoped that this paper will stimulate
additional studies in this direction.

It is easy to see that eventually, far downstream from the
plane where the boundary layer first encounters the moving
belt, the effect of the sudden acceleration has a chance to
propagate over the complete thickness of the original layer
so that in this region, under suitable conditions, the boundary
layer should tend to regain its similarity behavior. In-
tuitively, such a fully adjusted boundary layer will correspond
to a flow which has developed over a continuously moving
surface. Thus, the solutions of Refs. 9-13 K should be
applicable there.

The present work is divided into four parts. The first
three parts concern themselves with the development of the
basic equations and their solutions both far away and close to
the plane of encounter between the undisturbed boundary
layer and the moving belt. Some of these solutions were
obtained by high-speed electronic computers. The fourth
part of the present paper utilizes these mathematical results
in describing the effects of the moving belt on the physical
characteristics of the boundary layer.

II. General Equations

Assuming that all velocities (see Fig. 1) are taken relative to
the stationary portion of the surface over which the boundary
layer is flowing, and using the usual approximations applicable
to thin, incompressible flow layer, one states the conservation
of mass and momentum as

+ Vy UUX x — VUyy = fy = 0 (1)

with the boundary conditions: &(#, °°) = £/(#); w(0 < a:
< L, 0) = 0; u(L < 3 < co , 0) = w\ fl(x, 0) = 0.

Next, the boundary-layer velocities are assumed to consist
of 2 parts— those undisturbed and those caused by the belt
movement: ft (3, y) = u°(x, y) + u(£, y) ; v(x, y) = VQ(X, y) +
v(£t v) where the coordinate £ is defined by the translation
£ = x — L so that if for all £ < 0 u and v are understood to
vanish, then the boundary conditions may be conveniently
separated into: u"(x, 0) = »°(a;, 0) = u(£, «) = v(%, 0) = 0;

t According to Moore,8 Sears and Rott have also arrived inde-
pendently at the same result.

§ Although Refs. 8-11 pertain to unsteady boundary layers, in
the coordinates moving with the speed of either the advancing
wave or the separation point, the boundary layer is steady and
sees the wall as a continuously moving surface.

It The solution of Ref. 8 is obtained over a "wall" whose speed
along its length always varies like the external velocity. This
assumption makes the solution of that reference inapplicable to
the present problem.
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u°(x, «> ) = U; u(%, 0) = w, and Eq. (1) may be written as

u\ + v\ = u°u°x + vVy - UUX - vu\y = 0 (2a)
uu° uux v°uy vu°

VUy —— VUyy = 0 (2t>)

The solution of Eq. (2a) for arbitrary U(x) is well known.14

In principle, therefore, it would be possible to use such a solu-
tion in what follows. This, however, would deny us the
ability to discern easily between the effects of the arbitrary
pressure gradient and those due to the belt movement. For
this reason we shall restrict our considerations to the Falkner-
Skan similarity solutions15 so that the departure from simi-
larity can be an indication of the adjusting process to the sud-
denly changed boundary condition. These solutions require
that U = Axm and then u° and v° are given by u° = UF';
v" = { U i > / [ 2 ( l + m ) x ] } l / 2 [ ( l -m)rfF' - (1 + m)F] where F
is a function of 77° only and satisfies the equation

= 0

with

F(0) = F'(0) = 0; F'(«0 = (3a)

and 77° = y [ ( l + ra)t//(2ra)]1/2 is the similarity variable.
The numerical values of function F, and its derivatives for

various values of m, were computed by Hartree.16 There-
fore, considering u° and v° as known, one may next proceed to
the solution of Eq. (2b). Specifically, setting 6 =s (£A)1/2 =
[1 — (L/x)]112 one may use it in the transformation 17° = rjO
so that 77 is the contracted pseudo-similarity parameter of a
new boundary layer, starting to grow at the encounter plane
and whose nondimensional stream function f(rj, 6) can be de-
fined by \[/ = wy[l — (f/rj)]. Thus the velocity components
which satisfy the conservation of mass identically are given
by u = \l/x and v = — ̂  or

u = w(l - /,)

v = wy((md* - - /) + 0(1 - 0%]/(202 x 77)
(4)

Next it is necessary to transform the function F into the 77, 6
coordinate system. As shown in Ref. 17, this may be ac-
complished by using the transformation ^(77°) = #$(77, 6)
so that F' = &,, F" = O-iSn and F"1 = e~*Sm. The func-
tion S must thus satisfy

2m
1 + m(1-

- dSe - S = 0 (3b)

with S = Srj = 0 at either 77 = 0 or 6 = 0, So = 0 at 77 = 0
and Srj = I f or 77 -+ oo .

Using these expressions in the statement of the conservation
of momentum of Eq. (2b), one obtains after some manipula-
tions

(1 + m)fm + [(1 - B^rjS, + (1+ m)PS]fm -
(1 - 0*)[OSvfa + S^rifi - dfe)} + .

w/W (1 - 02H(1 - m<92)(77 - /)/„ -

+ (1 - MM] = 0 (5a)
where at 77 = 0: / = /, = fe = 0 and f or 77 ->• oo : /, = 1.
The velocity IF, which appears in this equation, is defined by
TF= U(L) so that 17 = W(l - 6>2)~-

The solution of Eq. (5a) is difficult because it is rather
lengthy, nonlinear, partial differential equation, whose coef-
ficients (e.g., functions S, Sr,, etc.) are generally known in
numerical form only. For these reasons all subsequent con-
siderations will now be limited to regions where the form of

this equation is amenable to further simplifications. These
regions lie far away and also very near to the plane in which
the unperturbed boundary layer first encounters the moving
belt.

III. Perturbed Flow Far Downstream from
the Encounter Plane

A. Applicable Equation

By restricting the solution to values of 6 approaching unity,
one may reduce Eq. (5a) to a more easily solvable form. As
may be ascertained from the definition of 6, this restriction
means that either the flow takes place very far downstream
from the encounter plane (e.g., x ^> L), or that the encounter
plane coincides with the leading edge plane, and the flow takes
place over a continuously moving surface. In this region it is
appropriate to define a new variable f =s 1 — 02 = L/x, and
study the flow corresponding to values of f approaching zero.
Equation (5a) may thus be given the following form [all
omitted terms are given in Eq. (9b) of Ref. 17. ]:

Next when m > 0 and is an integer, Eq. (5b) may be
changed into a system of total differential equations by in-
troducing the expansions**

/= (6)

This leads to a set of recurring equations for fn(rf) [see Eqs.
(9c) of Ref. 17] whose boundary conditions are/w(0) = //(O)
= /n^o'(°°) = 0; /o'(°°) = 1. Furthermore, the functions
$„, which also occur in these equations, are shown in Appendix
A of Ref. 17 to be easily derivable from /So = F(rj).

B. Slow Belt Speed

When the belt moves very slowly relative to the external
flow, the ratio w/W may be set to zero. This disposes of all
nonlinear terms and is completely equivalent to the neglection
of uux and vuy in Eq. (2b). Notice that since all nonlinear
terms in Eq. (5b) are multiplied by £m, therefore large, posi-
tive values of m will have the same effect as the neglection due
to the linearization. Thus the solution for slow belt speed ft
should be always applicable to cases where the external flow
is strongly accelerating, even when w/W is not necessarily
small. This occurs because for such a flow and large x/L the
external velocity rapidly increases to very large values, thus
making the constant belt speed (and therefore also its per-
turbation) less and less significant.

When the aforementioned linearization is carried out in the
recurring equations of Ref. 17, then the equation for /o be-
comes

/o'" + So/o" + So'd - /o') -

I — m
I + m So" (1? - /o) = 0

with

/o(0) =/o'(0) = 0 and/</(«>) = 1 (7)
This equation was solved numerically, and the values of /0'
for m = 0, -J, f, 1, and °° are given in Table 1 of Ref. 17.
Negative values of m were not considered because the inspec-
tion of Eq. (5b) reveals that for such values of m the role of

** The same expansions can also be used when m is not an in-
teger but w/W is small.

f t Using, of course, the proper value of m.
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the nonlinear terms increases in importance and their neglec-
tion is not valid.

C. Accelerating External Flow

To carry out the solution of the nonlinear equations one
must restrict m to integer values. For this reason our discus-
sion will be limited to the stagnation flow for which m — 1.
Substituting this value into the recurring equations of Ref. 17
and taking n = 0, one obtains

with B2 = |(1 + m)(W/w). These change Eq. (5b) into

with
- /<>') = 0

/o(0) = /o'(0) = 0 and/(/(<*>) = 1 (8)

Similarly, the higher successive values of n give the equations
f or /i, /2, etc.

Notice that although we have made no assumptions on the
magnitude of w/W, Eq. (8) is linear and could have been ob-
tained by setting m = 1 in Eq. (7). This linear character,
in fact, remains true also for /i. Here then is evidence sup-
porting our previous assertion that the linearized solutions
will be applicable to accelerating flows, regardless of the mag-
nitude of w/W. The solutions for/Ol /i, and /2 were computed
numerically, and the values of /</, //, and /2' so obtained are
given in Tables 2a, 3a, and 4a of Ref. 17.

D. Constant External Velocity

When m = 0 and n = 0 the recurring equations of Ref. 17
give

/o'" + So/o" + 0? -fo)[(w/W)fQ" - SQ"] = 0
with

/o(0) =/«'(0) = 0 and/,'(») = 1 (9)
For w = W, the solution of Eq. (9) may be obtained by inspec-
tion and is obviously /o = SQ. Thus u = w = W everywhere
in the boundary layer (and not just at the boundaries) or, in
other words, when the belt is moving with the speed of the
freestream the boundary layer eventually tends to disappear.
That this is in fact so, is not only intuitively plausible, but is
also confirmed by the data of Ref. 4, where for w = 1.05 W a
thick boundary layer essentially vanishes.

When w is different from W, one may introduce G(rj) such
that u = WG1 by setting/0 = rj + (W/w)(S0 - G) which,
when substituted into Eq. (9), yields the well-known Blasius
equation G'" + GG" = 0, whose boundary conditions, how-
ever, are G(0) = 0, <7'(0) = (w/W), and G'(°°) = 1. This
equation and its boundary conditions are identical with those
obtainable for a boundary layer developing over a continu-
ously moving surface. Their solution for various values of
(w/W) was first given by Mirels.9'10 Using therefore his
solutions in equations for higher values of n, one can find the
functions necessary for the description of the flow when f ^ 0.
The results of such computations for /</, /i', and/2' with w/W
= 0.1, 1, and 10 are given in Tables 2a, 3a, and 4a of Ref. 17.

E. Decelerating External Flow

When m is negative, one needs to multiply Eq. (5b) by f ~m.
The solution of the resulting equation for /0 is /0 = 77. This
solution however indicates that the u flow vanishes every-
where, except perhaps at 77 = 0, where the boundary condi-
tion /</(0) = 0 is obviously violated. This inability to satisfy
all boundary conditions occurs because as f tends to zero, the
order of the differential equation is reduced, indicating a
singular perturbation problem. Such a problem is fully dis-
cussed in Ref. 18. To deal with it, one uses the transforma-
tions

= Bzt; r = S(r,, f) = BzT(t, z)

= Bz[t
(10)

z*{ [(I + m)T + mtTt}^tt + m(\tTti - 2Tt)<l>t +
(1 - lm)!T«0 - mz(Tt^t + £T«0,)} = 0[(z)-*i~] (11)

It is appropriate therefore to expand the functions <£ and T:

4>(t,z) = T(t,z) = (12)

where the function T must, of course, satisfy the transformed
form of Eq. (3). This is carried out in Ref. 17 where it is
pointed out that terms of 0[(z)~2lm] may comfortably be
neglected, upon which the solutions for Tn are of the form
Tn = Cn*(1+n) with CQ = 0, ci = iBF"(0) andc2 = -(2m/6)X
(W/w). This form of Tn could, of course, have been ex-
pected, by realizing that the singular nature of the problem
restricts the considerations to the immediate neighborhood of
the moving belt.

Substituting Eq. (12) into Eq. (11) and again neglecting
terms of 0[(z)-2/-] one obtains [see Eq. (16) of Ref. 17] the
recurring relations for 4>n with the boundary conditions <£TO(0)
= 0n*o'(0) = *»'(«>) = 0 and <£0'(0) = 1. For ft = 0 these
relations reduce to the Blasius equation

2*,"' " = 0 (13)
which, using the present boundary conditions, has been solved
by Sakiadis (Ref. 12). For separating flow both c0 and Ci are
zero and this, together with the boundary conditions, leads to
0i = <£2 = 03 = 0. Thus for separating flow, the Sakiadis
solution is applicable up to terms of 0(z4). But the unper-
turbed flow vanishes with the freestream velocity U like f ~m

(or 22) so that it is clear from the preceding discussion that to
this order of approximation no additional computations are
necessary.

Notice that a singular solution identical to <£0 has been sug-
gested by Moore,8 who studied the transient movement of the
separation point by relating it to the steady flow with a fixed
separation point, but over a continuous, moving surface. The
need for a singular solution of Ref. 8 arises when the surface
is moving upstream, so that as separation is approached, the
boundary layer is decelerated purely by the action of the
pressure gradient. Since this is the mechanism which is also
responsible for the vanishing of the boundary-layer flow in the
present case, the equivalence of the two singular solutions is
not surprising.

IV. Perturbed Flow Close to the Encounter
Plane

For small values of 6, that is, close to the encounter plane,
when the perturbing boundary layer is thin relative to the
original layer, one may expand all quantities in powers of 6:

/= E W*(r,); 8 = E 0-tf.Oj); (1 - 02)"- = E 6»bn
n = 0 n = 0 n = 0

(14)

Here again the solutions for Sn are given in Appendix A of
Ref. 17 and the coefficients bn are easily obtainable and are,
of course, equal to zero for all odd values of n.

Substituting Eqs. (14) into Eq. (5a) leads to the recurring
relations for fn. These equations are given in Ref. 17 [Eq.
(19)] where it is shown also that SQ = 0. For n = 0, one
thus obtains

'" + (77 - /0)/o" = 0 (15)

which, as shown in Ref. 17, can be transformed by

B
w 1/2/*(»?*)

(16)
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into the Blasius relation in /*, whose solution, however, is
subject to certain very special boundary conditions. For-
tunately, this equation, together with its boundary conditions,
has been solved by Lock (Ref. 19) who studied the velocity
distribution in the boundary layer between parallel streams.
The function /0 may thus be considered known. Next, using
the recurring equations of Ref. 17 one may numerically com-
pute all the other /„ functions. The values so obtained of //
and/2' are tabulated in Tables 3b and 4b of Ref. 17.

V. Effects of the Moving Belt on Boundary-
Layer Characteristics

A. Changes of the Velocity Distribution

To illustrate the effect of the belt on the velocity distribu-
tion in the boundary layer, three specific examples were com-
puted. However, before proceeding with these, certain gen-
eral observations, which follow out of the nature of the
mathematical solutions, are in order. Thus, concentrating
on the flow close to the encounter plane, we note from Eq. (16)
that the larger the value of By the higher the value of rj at
which /o' will tend to reach its freestream limiting value.
Furthermore, although this transformation has been used in
connection with /</ only, one may ascertain from Tables 3b
and 4b of Ref. 17 that this tendency also exists for// and/2'.
Since rj° = rjd, this means that for a fixed distance down-
stream from the encounter plane (e.g., fixed 0), the lower the
ratio of the belt to the external flow velocity and the higher
the acceleration of the external flow, the deeper the penetra-
tion of the effect of the moving belt into the original layer.
Apparently, the original boundary layer, particularly when
accelerating, has little difficulty in adjusting to small changes in
boundary conditions. Conversely, this also means that,
close to the encounter plane, a very rapidly moving belt will
tend to affect only that flow which is immediately adjacent to
its surface, leaving the outer portions of the boundary layer
essentially undisturbed. This is well illustrated in the first
example shown in Fig. 2 which concerns an accelerating
boundary layer (m = 1) encountering a belt moving ten
times faster than the freestream. As may be seen from Fig.
2, where the ratio of the boundary layer to the freestream
velocity is plotted against the original similarity parameter
77°, for small values of 6 the effect of the belt is limited to
values of T?° which are smaller than unity. Of course, far
from the encounter plane the influence of the moving belt ex-
tends much deeper into the boundary layer; but there the
accelerating outer flow nullifies the moving belt, and the flow
eventually tends to regain its original similarity profile.

The second example shown in Fig. 3 illustrates how in the
absence of pressure gradient a belt moving with the free-
stream velocity eliminates the boundary layer. Notice that
this elimination occurs rather rapidly and thus, for instance,

m = l w / W = I O

Fig. 2 Effect of
rapidly moving
belt on the veloc-
ity profile of an
accelerating flow.

Fig. 3 Elimina-
tion of a bound-
ary layer by a belt
moving with the
velocity of the

external flow.

= 0 w/W = I.O

0.4 0.8
u/U

at 6 = 0.8 the boundary-layer velocity is nowhere smaller by
more than 8% than the freestream velocity.

And finally the third example shown in Fig. 4 demonstrates
how even a very slowly moving belt (w = 0.1 W) is capable
of shifting the separation point infinitely far downstream [as
may be easily ascertained from Eq. (10), z corresponds to
values of 6 very nearly equal to unity]. In fact, since for this
case m is negative so that the external flow is continuously
decelerating, one can see from Fig. 4 that the separation
occurs only because at infinity the external flow (and with it
the boundary layer) ceases to exist.

B. Effect on the Friction Coefficient
6

The effect of the moving belt on the friction coefficient far
from the encounter plane is given (for m > 0) by

o (17a)
= [2(1 + m)]^{F"

l/o") + r2(/2" + i/t" + |/o")]},
and close to the encounter plane (for all m) by

= [2(1 4-m)]1 {F" -
+//' + 0(/2" - m/0")]},-,°-o (17b)

Equations (17a) and (17b) are plotted in Fig. 5. As can be
seen from this figure and Eq. (17b), at the encounter plane
the friction coefficient tends to negative infinity like 1/0 [e.g.,
like (x/ £) 1 ' 2 ] ; and this, except for the change in the direction of .;
the force, is completely analogous to the usual boundary-layer
behavior at the leading edge. Downstream from the en-
counter plane the friction coefficient rises to values which, in
general, are lower than those obtainable over an immovable
wall. This becomes especially clear when, for example, the
boundary layer with constant external velocity and infinitely
far from the encounter plane is considered. As previously
discussed, the solutions of such a flow were given by Mirels.9'10

Using his correlations in Eq. (17a), one may write the limiting
ratio of the friction coefficients with and without the moving
belt (which, incidentally, for this special case is also equivalent

m =-0.090429 w / W - O . I

Fig. 4 Delay of
separation by a
slowly moving

belt. z = 0.3
4 Lit 0 > 0.9999)

0 0.4 0.8 0 0.4 0.8 0 0.4 08
u/W iJ/W . U/W
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to the ratio of the momentum thicknesses) as

(-1)01 + 1.887 -

1.04 [ 1 - -^

1/2

(18)
Equation (18) indicates that the limiting values of the fric-

tion coefficient with the belt moving are always smaller than
those for the stationary wall. Consequently, it follows from
Fig. 5 that in the absence of pressure gradient the moving belt
reduces everywhere the value of the friction coefficient.

Similar behavior occurs also when the outer flow is ac-
celerating, except that in this case the effect of the belt dis-
appears infinitely far away from the encounter plane so that
the friction coefficient eventually rises to the same values as
those obtainable for a stationary wall.

For decelerating external flows and far from the encounter
plane the values of the conventionally defined friction coeffici-
ent tend to infinity because of the vanishing of the outer flow
velocity. For this reason these values were omitted from Fig.
5. One can, however, redefine the friction coefficient using
the belt speed w. This has been carried out in Ref. 17 where
the limiting value of the so defined friction coefficient is shown
to be —0.888. Since this value is negative, it is clear that in
decelerating flow the moving belt also always reduces the fric-
tion coefficient.

When the effect of the speed with which the belt is moving
is considered, then Fig. 5 indicates that the rise of the friction
coefficient downstream of the encounter plane is more rapid
when this speed is slow than when it is fast. Thus for large
w/W and 6 < 1, the coefficient tends to be always negative
regardless of the pressure gradient. This is in agreement with
Eq. (18) which indicates that for w/W > I the ultimate
values of the friction coefficient become larger and larger
negative.

C. Effect on the Momentum Thickness

As explained in Ref. 17, close to the encounter plane the
variation of the momentum thickness is obtained by applying

or higher values of w/W improved correlation formulas are
giveninRef.il.

Fig. 6 Ratio of
the momentum

thicknesses.

the momentum integral relation which gives

= 1 - (1 + m)(l + 3m) X

0fo"(0)
m)F"(0) - - F), (19a)

On the other hand, far from the encounter plane, the behavior
of the momentum thickness may readily be obtained by sub-
stituting the appropriate functions into its definition and this
results in

& , , (1 + 3m)
- F)Q

- T~n X

w
n = 0

(19b)
where the ratio of the displacement thickness (for m > 0) is
given by

XW (r/> - F)a

(20)
and the coefficients /i,„ and 72,n are computed from

/ - 2 &'/»-»'] dr, (21a)

(21b)

Equations (19a) and (19b) are plotted in Fig. 6, except that
again, for previously given reasons, the values for 6 -> 1 and
m = - 0.090429 are not included.

As can be seen from Fig. 6, in all cases the moving belt
causes a decrease of the momentum thickness. Close to the
encounter plane this effect becomes greater the larger the belt
speed and the more accelerative the external pressure gradient.
Far from the encounter plane, the behavior of the momentum
thickness again depends primarily on the nature of the ex-
ternal pressure gradient. Thus, the continuously accelerat-
ing flow eventually nullifies the effect of the moving belt so
that 52 -> 52°. On the other hand, the flow with constant ex-
ternal velocity leads to limiting values given by Eq. (18).
This equation indicates that for belt speeds larger than the
freestream velocity the momentum thickness is always
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negative. Moreover, as can be seen in Fig. 6, when the belt
speed is fast (relative to the freestream velocity), very large
negative values of the momentum thickness are obtainable.
These negative values indicate that the boundary layer fluid
has actually gained momentum above that existing in the
free stream. Therefore, since the momentum thickness may
be shown to be related to the over-all frictional force acting
on the body containing the moving belt, it is obvious that for
negative values of the momentum thickness the moving belt
is producing an over-all frictional thrust instead of drag and
that an appreciable thrust force can be so generated.
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